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1 Introduction
Let G be a real Lie group and  $\rho$ :  G \rightarrow  GL(p, \mathbb{R}) a smooth representation (i.e a homo‐
morphism and a smooth mapping). For map‐germs f, g : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{\mathrm{p}}, 0) , we say that f
and g are \mathcal{K}[ $\rho$(G)] ‐equivalent if there exist a diffeomorphism germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}, 0) and
a smooth map germ M : (\mathbb{R}^{n}, 0) \rightarrow (G, M(0)) such that f\mathrm{o} $\phi$(x) =  $\rho$(M(x))g(x) , for any
x\in(\mathbb{R}^{n}, 0) . We also say that f, g are C[ $\rho$(G)] ‐equivalent if  $\phi$=1_{\mathrm{R}^{n}} . In the case when G is a Lie
subgroup of GL(p, \mathbb{R}) , the above equivalence is exactly the same as G‐equivalence introduced by
Tougeron [17]. In [6, 7, 8], Gervais investigated the basic properties of G‐equivalence. Tougeron
and Gervais mentioned that there might be several examples of G‐equivalence depending on G.
However, they only gave the above two cases as examples in their contexts. After the papers
of Gervais appeared, Damon has published paper which give a quite general framework for
the theory of singulairties of smooth map germs [1]. Since G‐equivalence is included in the
framework of Damon, nobody has investigated it until now. One of the reasons why the notion
of G‐equivalence has not been paid attention is that there have been no interesting examples.
If G is connected , then  $\rho$(G) is a Lie subgroup of GL(p, \mathbb{R}) by the theorem of Yamabe, so
that the basic frameworks for the above equivalence follows from those in [6, 7, 8]. If we adopt
G=GL(p, \mathbb{R}) and  $\rho$= 1_{GL(p,]\mathrm{R})} , then \mathcal{K}[G]‐equivalence is \mathcal{K}‐equivalence and C[G] ‐equivalence
is C‐equivalence in [15] respectively. If G= \{I\} \subset  GL(p, \mathbb{R}) and  $\rho$= $\iota$ is the inclusion, then
\mathcal{K}[G] ‐eqmvalence is \mathcal{R}‐equivalence. In [6, 7, 8] Gervais only mentioned these cases as examples
of G‐equivalence. In this paper we give several interesting examples of \mathcal{K}[ $\rho$(G)] ‐equivalence. In
particular, there exist applications to quantum chemistry and spintronics in [16]. The repre‐
sentations of Lie groups are essentially needed for those examples.
On the other hand, we consider other equivalence relations among map‐germs. For map‐
germs f,g : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{p}, 0) , we say that f and g are \mathcal{A}[ $\rho$(G)] ‐equivalent if there exist
diffeomorphism germs  $\phi$:(\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{n}, 0) and  $\psi$ : (\mathbb{R}^{p}, 0) \rightarrow(\mathbb{R}^{\mathrm{p}}, 0) such that J_{ $\psi$}(y)\in $\rho$(G)
for any y\in(\mathbb{R}^{p}, 0) and f\mathrm{o} $\phi$= $\psi$\circ g . Here J_{ $\psi$}(y) is the Jacobian matrix of  $\psi$ at  y\in(\mathbb{R}^{p}, 0) . We
also say that f, g are \mathcal{L}_{J}[ $\rho$(G)] ‐equivalent if  $\phi$= 1_{\mathrm{R}^{n}} . We remark that if G= \{I\} , then \mathcal{A}[I]-
equivalence is \mathcal{R}‐equivalence. Moreover, A[GL(p, \mathbb{R})] ‐equivalence is \mathcal{A}‐equivalence. However,




For a diffeomorphism germ  $\psi$ : (\mathbb{R}^{p}, 0) \rightarrow (\mathbb{R}^{p}, 0) , we can show that there exist fUnction‐
germs $\psi$_{ij} : (\mathbb{R}^{p}, 0) \rightarrow \mathbb{R}, (i,j=1, \ldots,p) such that ($\psi$_{ij}(y))\in GL(p,\mathbb{R}) and
 $\psi$(y)=(\displaystyle \sum_{j=1}^{p}$\psi$_{1j}(y)y_{j}, \ldots, \sum_{j=1}^{p}$\psi$_{p\mathrm{j}}(y)y_{\mathrm{j}})
for  y=(y\mathrm{l}, . . . , y_{p})\in (\mathbb{R}^{p}, 0) . We say that  $\psi$ is a  $\rho$(G) ‐diffeomorphism if ($\psi$_{ $\iota$ j}(y)) \in $\rho$(G) . For
map‐germs f , 9: (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{p}, 0) , we say that f and g are \mathcal{A}^{*}[ $\rho$(G)] ‐equivalent if there exist
a diffeomorphism germ  $\phi$:(\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{n}, 0) and a  $\rho$(G) ‐diffeomorphism germ  $\psi$:(\mathbb{R}^{p}, 0) \rightarrow
(\mathbb{R}^{p}, 0) such that f\mathrm{o} $\phi$= $\psi$ \mathrm{o}g . We also say that f, g are \mathcal{L}^{*}[ $\rho$(G)] ‐equivalent if  $\phi$= 1_{\mathrm{R}^{n}} . We
remark that if G = \{I\} and  $\rho$= L is the inclusion, then \mathcal{A}^{*}[I] ‐equivalence is \mathcal{R}‐equivalence.
Moreover, A^{*}[GL(p, \mathbb{R})]‐equivalence is A‐equivalence in [15]. By definition, if f, g are A^{*}[ $\rho$(G)]-
equivalent, then these are \mathcal{K}[ $\rho$(G)] ‐equivalent. We remark that A^{*}[GL(p, \mathbb{R})] ‐equivalence always
induces a geometric subgroup of A and \mathcal{K} in the sense of Damon [1] (cf. §4). However, there
are no good examples of such equivalence except trivial cases (i.e. \mathcal{R} and A) so far.
We can also consider the following mixed equivalence of the above equivalence relations. We
consider pairs of map‐germs (f_{1}, f_{2}) : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{p}\times \mathbb{R}^{q}, (0,0)) and two representations of
Lie groups $\rho$_{1} : G_{1} \rightarrow  GL(p, \mathbb{R}) , $\rho$_{2} : G_{2} \rightarrow  GL(q, \mathbb{R}) . We say that (f_{1}, f_{2}) and (g_{1}, g_{2}) are
(\mathcal{K}[$\rho$_{1}(G\mathrm{i})], \mathcal{A}[$\rho$_{2} (G_{2})]) ‐equivalent if there exist a diffeomorphism‐germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow ( \mathbb{R}^{n} ) 0),
a map‐germ M : (\mathbb{R}^{n}, 0) \rightarrow($\rho$_{1}(G), M(0)) and a diffeomorphism germ  $\psi$ : (\mathbb{R}^{\mathrm{q}}, 0) \rightarrow(\mathbb{R}^{q}, 0)
such that J_{ $\psi$}(y_{2}) \in$\rho$_{2}(G_{2}) , f_{1}\circ $\phi$(x)=M(x)g_{1}(x) and f_{2}\mathrm{o} $\phi$(x) = $\psi$ \mathrm{o}g_{2}(x) for any (x, y_{2}) \in
( \mathbb{R}^{n}\times \mathbb{R}^{\mathrm{q}}, (0,0 However, we do not give detailed descriptions here.
In [11] the basic framework for the study of \mathcal{K}[ $\rho$(G)] ‐equivalence and \mathcal{A}[ $\rho$(G)]‐equivalence. In
this paper we only give several examples of these equivalece. This paper depends on the joint
project concerning on applications of singularity theory to quantum physics and chemistry with
Masatomo Takahashi and Hiroshi Teramoto.
We assume that all map‐germs and manifolds are class C^{\infty} unless stated otherwise.
2 Examples of \mathcal{K}[ $\rho$(G)] ‐equivalence I: L:G\hookrightarrow GL(p, \mathbb{R})
In this section we consider examples of \mathcal{K}[ $\rho$(G)] ‐equivalence for G \subset  GL(p, \mathbb{R}) and  $\rho$=  $\iota$ :
 G \hookrightarrow  GL(p, \mathbb{R}) is the inclusion map. Actually \mathcal{K}[ $\rho$(G)] ‐equivalence is G‐equivalence in the
sense of Tougeron [17]. Even in this case, there are several nontrivial important examples. The
detailed investigations for these examples will be appeared in elsewhere.
Example 2.1 (Flags of varieties) We consider that
G=T^{*}(p)= \{A= \left(\begin{array}{lll}
$\lambda$_{11} & 0 & 0\\
$\lambda$_{21} & $\lambda$_{22} & 0\\
 &  & \\
$\lambda$_{p1} & $\lambda$_{p2} & $\lambda$_{pp}
\end{array}\right) |$\lambda$_{i}\in \mathbb{R}, i=1, 2, $\lambda$_{11}$\lambda$_{22}\cdots$\lambda$_{pp}\neq 0\}
and  $\iota$ :  T^{*}(p) \hookrightarrow  GL(p, \mathbb{R}) is the inclusion map. For f =(f\mathrm{l}, . . . , f_{p}) : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{p}, 0) ,
define V_{j}(f) =\mathrm{n}_{i=1}^{i=j}f_{i}^{-1}(0) , j=1 , . . . p , so that we have V_{1}(f) \supset V_{2}(f) \supset. . . \supset V_{p}(f) . Then a
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flag variety with respect to f is defined to be
FV(f)=(V_{1}(f), V_{2}(f), \ldots, V_{\mathrm{p}}(f)) .
For f, g : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{p}, 0) , we say that FV(f) , FV(g) are flag \mathcal{K} ‐equivalent if f, g are
\mathcal{K}[T^{*}(p)] ‐equivalent. By definition, if FV(f) , FV(g) are flag \mathcal{K}‐equivalent, then there exists
a diffeomorphism germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}, 0) such that  $\phi$(V_{j}(f)) = (V_{j}(g)) as set germs for
j=1 , . . . p.
Example 2.2 (Hypersurface arrangements)
G=D^{*}(p)= \{A= \left(\begin{array}{lll}
$\lambda$_{1} & 0 & 0\\
0 & $\lambda$_{2} & 0\\
 &  & \\
0 & 0 & $\lambda$_{p}
\end{array}\right) |$\lambda$_{i}\in \mathbb{R}, i=1, 2, $\lambda$_{1}$\lambda$_{2}\cdots$\lambda$_{p}\neq 0\}
and  $\rho$ :  D^{*}(p)\subset GL(p, \mathbb{R}) is the inclusion map. For f=(f_{1}, \ldots, f_{p}):(\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{p}, 0) , define
V(f_{i})= f_{i}^{-1}(0) , i=1 , . . . p . We call AV(f)=(V(f_{1}), \ldots V(f_{\mathrm{p}})) ) a hypersurface arrangememt.
We say that AV(f) , AV(g) are arrangement \mathcal{K} ‐equivalent if f , 9 are \mathcal{K}[D^{*}(p)]‐equivalent. By
definition, if AV(f) , AV(g) are arrangement \mathcal{K}‐equivalent, then there exists a diffeomorphism
germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow(\mathbb{R}^{n}, 0) such that  $\phi$ (  V (fi)) = (V (gi)) as set germs for i=1 , . . . , p.
For f_{1}(x\mathrm{i}, x_{2})=x_{1}, f_{2}(x\mathrm{i}, x_{2})=x_{1}^{2}-x_{2}^{3} and g_{1}(x_{1}, x_{2})=x_{2:}g_{2} ( x_{1} ) x_{2} ) =x_{1}^{3}-x_{2}^{4}, f=(f_{1}, f2)
and g = (g_{1}, g_{2}) are not \mathcal{K}[D^{*}(2)] ‐equivalent (i.e. AV(f) and AV(g) are not arrangement
\mathcal{K}‐equivalent) but \mathcal{K}‐equivalent.
Example 2.3 (Functions on varieties)
(1) G=\{1\}\oplus GL(p-1,\mathbb{R})= \{\left(\begin{array}{ll}
1 & 0\\
0 & A
\end{array}\right) |A\in GL(p-1, \mathbb{R})\},
(2) G= ( 1^{+}, GL (p-1 ) \mathbb{R}) ) =\{\left(\begin{array}{ll}
1 & *\\
0 & A
\end{array}\right) |A\in GL(p-1, \mathbb{R})\}.
In the case of (1), for f=(f\mathrm{l}, . . . , f_{p}) , g=(g\mathrm{l}, . . . , g_{p}) : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{p}, 0) , f, g are \mathcal{K}[\{1\}\oplus
 GL(p-1, \mathbb{R})] ‐equivalent if and only if there exists a diffeomorphism germ  $\phi$ : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{n}, 0)
such that f_{1}\circ $\phi$=g_{1} and
\langle f_{2}\mathrm{o} $\phi$ , . . . ,  f_{p}\circ $\phi$)_{\mathcal{E}_{p-1}}=\langle g_{2_{\rangle}}\ldots, g_{p}\rangle_{\mathcal{E}_{p-1}}.
We define a variety V(f_{2}, \ldots, f_{p}) =\displaystyle \bigcap_{i=2}^{p}f_{i}^{-1}(0) . If f, g are \mathcal{K}[\{1\}\oplus GL(p-1,\mathbb{R})] ‐equivalent,
then there exists a diffeomorphism germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}, 0) such that  f_{1}\mathrm{o} $\phi$ = g_{1} and
 $\phi$(V(g_{2}, \ldots, g_{p})) = V(f2, . . . , f_{\mathrm{p}}) as set germs. Moreover, we consider the case (2). Then
f, g are \mathcal{K}[ (1^{+}, GL (p- 1,\mathbb{R}) ) ] ‐equivalent if and only if there exists a diffeomorphism germ
 $\phi$ : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{n}, 0) such that
 f_{1}\mathrm{o} $\phi$-g_{1}\in\langle f_{2}\mathrm{o} $\phi$ , . . . ,  f_{p}\mathrm{o} $\phi$\}_{\mathcal{E}_{p-1}} and \langle f_{2}\mathrm{o} $\phi$ , . . . ,  f_{\mathrm{p}}\circ $\phi$\}_{\mathcal{E}_{p-1}}=\langle g_{2} , . . . , g_{p}\rangle_{\mathcal{E}_{p-1}}.
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It follows that  $\phi$(V(g2, \ldots, 9_{p}))=V(f2, . . . , f_{\mathrm{p}}) and f_{1}\mathrm{o} $\phi$|_{V(g_{2},\ldots g_{p})}=g_{1}|_{V(g_{2},\ldots,g_{p})}.
We consider (f, h) , (g, h) : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}\times \mathbb{R}^{p-1}, (0,0)) . We say that (f, h) , (9, h) are \mathcal{R}_{I(h)^{-}}
equivalent if there exists a diffeomorphism‐germ  $\phi$ : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{n}, 0) such that  f=g\mathrm{o} $\phi$ and
\langle h_{1}\mathrm{o}$\phi$_{i} . . . , h_{p-1}\mathrm{o} $\phi$\}_{\mathcal{E}_{n}}=\langle h_{1} , . . . , h_{p-1}\rangle_{\mathcal{E}_{n}} . In [10, Lemma 1.3], it has been shown that (f, h) , (g, h)
are \mathcal{R}_{J(h)}‐equivalent if and only if (f, h) , (g, h) are \mathcal{K}[\{1\}\oplus GL(p-1, \mathbb{R})] ‐equivalent. Moreover,





\end{array}\right) | b\in \mathbb{R}^{q}, A\in GL(q, \mathbb{R})\} \subset GL (1+q ) \mathbb{R}).
Then f, g are \mathcal{K}[(1^{+}, GL(q, \mathbb{R}))] ‐equivalent if and only if there exists a diffeomorphism germ
 $\phi$ : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{n}, 0) such that
f_{1}\circ $\phi$-g\mathrm{i}\in I(f_{2}\circ $\phi$) and I(f_{2}\circ $\phi$)=I(g_{2}) )
where I(f_{2}) = f_{2}^{*}(\mathfrak{M}_{\mathrm{q}})\mathcal{E}_{n} . It follows that  $\phi$(V(g_{2})) = V(f_{2}) and f_{1}\mathrm{o} $\phi$|_{V(g_{2})} = g_{1}|_{V(g_{2})} . For
(f, h) , (g ) h) : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}\times \mathbb{R}^{p-1}, (0 ) 0 (f, h), (g, h) are \mathcal{K}[(1^{+} ) GL(q, \mathbb{R}))] ‐equivalent if and
only if there exists a diffeomorphism germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow(\mathbb{R}^{n}, 0) such that f\circ $\phi$-g\in I(h\mathrm{o} $\phi$) and
I(h\mathrm{o} $\phi$)=I(h) . In this case we have  $\phi$(V(h))=V(h) and f\mathrm{o} $\phi$|_{V(h)}=g|_{V(h)} . Therefore, \mathcal{R}_{I(h)^{-}}
equivalence can be regarded as \mathcal{R}‐equivalence among function germs around a fixed variety V(h)
which is described by \mathcal{K}[\{1\}\oplus GL(q,\mathbb{R})]‐equivalence. On the other hand, \mathcal{K}[(1^{+}, GL(q, \mathbb{R}))]-
equivalence induces \mathcal{R}‐equivalence among function germs on a fixed variety V(h) .
3 Examples of \mathcal{K}[ $\rho$(G)]‐equivalence II:  $\rho$ :  G\rightarrow GL(p, \mathbb{R})
In this section we give two important applications when the representation  $\rho$ :  G\rightarrow GL(p, \mathbb{R})
is definitely needed.
Example 3.1 (Traceless Hermitian matrices) We consider the special unitary group G=
SU(m) and the set of traceless Hermitian matrices:
Herm \mathrm{o}(m)= {X\in M_{m}(\mathbb{C}) |X^{*}=X , Th aceX=0 },
where X^{*} is the adjoint matrix of X . The Lie algebra of SU(m) is the set of traceless Hermitian
anti‐symmetric matrices:
\mathfrak{s}\mathfrak{u}(m)=\{X\in M_{m}(\mathbb{C}) |X^{*}=-X, \ulcornerrraceX =0\}.
Both of \mathrm{s}\mathrm{u}(m) and Herm \mathrm{o}(m) are \mathbb{R}‐vector spaces with m^{2}-1‐dimesion. It is easy to show
that  X=A+iB\in Herm \mathrm{o}(m) if and only if -iX = B-iA\in \mathrm{s}\mathrm{u}(m) for A,  B\in \mathrm{A}I_{n}(m,\mathbb{R}) .
We define a mapping L : \mathfrak{s}\mathrm{u}(m) \rightarrow Herm \mathrm{o}(m) by L(X) = -iX . Then we have $\iota$^{-1}(Y) =iY.
Moreover, it is known that there is a positive definite scaler product on \mathfrak{s}\mathfrak{u}(m) defined by
\langleX,  Y\} = Th ace XY^{*} . We can also define a a positive definite scaler product on Herm \mathrm{o}(m)
by (X, Y)=\mathrm{T}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}XY^{*} . Then we have ( $\iota$ X_{b}Y) = Trace ( -iX)(-iY)^{*}= Trace ( -iX(iY^{*}))=
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nace XY^{*} = \langle X,  Y\rangle , so that  L is an isometry. Since Trace AXA^{*} = TYace X for A \in  SU(m)
and X\in M_{m}(\mathbb{C}) , we have AXA^{*} \in Herm \mathrm{o}(m) for A\in SU(m) and X \in Herm \mathrm{o}(m) . We now
define the adjoint representation Ad: SU(m) \rightarrow \mathrm{I}\mathrm{s}\mathrm{o} (Herm \mathrm{o}(m) ) by Ad(A)(X) =AXA^{*} for
 X\in HermO (m) , where Iso (HermO(m)) is the group of isometry over Herm \mathrm{o}(m) . For p=m^{2}-1,
let  $\Sigma$=\{$\sigma$_{1}, . . . $\sigma$_{p}\} be an orthonormal basis of Herm 0(m) with respect to (, ) . We now fix the
orthonormal basis  $\Sigma$=\{$\sigma$_{1}, . . . $\sigma$_{p}\} of HermO (m) , then we have an isometry $\phi$_{ $\Sigma$} : Herm \mathrm{o}(m) \rightarrow
\mathbb{R}^{p} defined by $\phi$_{ $\Sigma$}(\displaystyle \sum_{i=1}^{p}x_{i}$\sigma$_{i}) = {}^{t}(x_{1}, \ldots, x_{p}) = x , where \mathbb{R}^{p} is the Euclidean space with the
canonical scaler product. Therefore we have the canonical identification of Iso (Herm \mathrm{o}(m) ) with
SO(p) depending on the orthonormal basis  $\Sigma$=\{$\sigma$_{1}, . . . $\sigma$_{p}\} . By using the isometry $\phi$_{ $\Sigma$} , we have
a Lie group homomorphism  $\rho \Sigma$ :  SU(m)\rightarrow SO(p) defined by  $\rho \Sigma$(A)(y)=$\phi$_{ $\Sigma$}\circ Ad(A)\circ$\phi$_{ $\Sigma$}^{-1}(y)
for any A\in SU(m) and y\in \mathbb{R}^{p}.
On the other hand, let f, g:(\mathbb{R}^{n}, 0)\rightarrow(\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{m}_{0}(m), O) be C^{\infty}‐map germs. We say that f , g
are \mathcal{S}\mathcal{U}(m) ‐equivalent if there exists a map germ A:(\mathbb{R}^{n}, 0)\rightarrow SU(m) and a diffeomorphism
germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}) such that f\mathrm{o} $\phi$(x)=A(x)g(x)A^{*}(x) for  x\in (\mathbb{R}^{n}, 0) . Then we have
the following proposition.
Proposition 3.2 Let  $\Sigma$ = \{$\sigma$_{1}, . . . $\sigma$_{p}\} be an orthonormal basis of Herm \mathrm{o}(m) with respect to
( , ) , where p=m^{2}-1 . Then f, g : ( \mathbb{R}^{n} ) 0 ) \rightarrow (Herm  0(m), O) are S\mathcal{U}(m) ‐equivalent if and
only if $\phi$_{ $\Sigma$}\circ f, $\phi$_{ $\Sigma$}\circ g : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{p}, 0) are \mathcal{K}[ $\rho \Sigma$(SU(m))] ‐equivalent.
In [16], the case m=2 (i.e. p=3 ) has been considered. For any  H\in Herm 0(2), there exist
















which are 2\times 2‐traceless Hermitian matrices. We can show that (\overline{ $\sigma$}_{i}, \overline{ $\sigma$}_{j})=2$\delta$_{i\mathrm{j}} , so that  $\Sigma$=
\{$\sigma$_{1}, $\sigma$_{2}, $\sigma$_{3}\} is an orthonormal basis of Herm 0(2), where $\sigma$_{i} = \overline{ $\sigma$}_{i}/\sqrt{2} . Then we have H =
h_{1}$\sigma$_{1} +h_{2}$\sigma$_{2}+h_{3}$\sigma$_{3} . It follows that we have  $\rho \Sigma$ :  SU(2) \rightarrow  SO(3) . On there other hand,
-i $\Sigma$=\{$\delta$_{1}=-i$\sigma$_{1}, $\delta$_{2}=-i$\sigma$_{2}, $\delta$_{3}=-i $\sigma$\} is an orthonormal basis of \mathfrak{s}n(2) . Then we also have
the adjoint map Ad : SU(2) \rightarrow  SO(3) defined by \overline{Ad}(A)(Y) =AYA^{*} for Y \in \mathfrak{s}\mathfrak{u}(2) . It is
classically known (cf.[19]) that p_{-i $\Sigma$}(SU(2))=SO(3) . This fact is known that Spin (3) \cong SU(2)
(cf. [12]). For any  A\in  SU(2) , we have L\mathrm{o}\overline{Ad}(A) =Ad(A)\circ $\iota$ , so that  $\rho \Sigma$(SU(2)) =SO(3) .
Therefore, for any f : (\mathbb{R}^{n}, 0)\rightarrow(\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{m}_{0}(2), O) , there exist f_{i} : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}, 0) , (i=1,2,3) ,
such that f(x) = f_{1}(x)$\sigma$_{1}+f_{2}(x)$\sigma$_{2}+f_{2}(x)$\sigma$_{3} . Then $\phi$_{ $\Sigma$}\circ f(x) = (f_{1}(x), f_{2}(x), f_{3}(x)) . Uy
Proposition 2.1) f , 9: (\mathbb{R}^{n}, 0)\rightarrow(\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{m}_{0}(2), O) are S\mathcal{U}(2)‐equivalent if and only $\phi$_{ $\Sigma$}\circ f, $\phi$_{ $\Sigma$}\mathrm{o}g
are \mathcal{K}[SO(3)]‐equivalent. We emphasize that f can be considered as a quantum mechanical
Hamiltonian for energy levels crossing problems appearing spintronics and quantum chemistry,
etc [9]. In [16], a classification of f : (\mathbb{R}^{3},0) \rightarrow(\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{m}_{0}(2), O) by S\mathcal{U}(2)‐eqmvalence is given.
The detailed arguments will be appeared in elsewhere.
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On the other hand, there is another important quantum mechanical Hamiltonian in [9] as
follows:
H(x)= \left(\begin{array}{llll}
f_{\mathrm{l}}(x) & 0 & f_{2}(x)+if_{3}(x) & f_{4}(x)+if_{5}(x)\\
0 & f_{1}(x) & -f_{4}(x)+if_{5}(x) & f_{2}(x)-if_{3}(x)\\
f_{2}(x)-\dot{ $\iota$}f_{3}(x) & -f_{4}(x)-if_{5}(x) & -f_{1}(x) & 0\\
f_{4}(x)-if_{5}(x) & f_{2}(x)+\dot{n}f_{3}(x) & 0 & -f_{1}(x)
\end{array}\right) ,
where f_{i} : (\mathbb{R}^{n_{J}}0) \rightarrow (\mathbb{R}, 0) , i = 1 , 2, 3, 4, 5, are fUnction‐germs. We remark that this is a
4\times 4-‐traceless Hermitian matrix. This Hammiltonian matrix is called Type J in [9]. We have
the canonical embedding L:SU(2)\times SU(2)\rightarrow SU(4) defined by L(A_{1}, A_{2})=A_{1}\oplus A_{2} , so that
\mathcal{S}\mathcal{U}(4)‐equivalence among f : (\mathbb{R}^{n}, 0)\rightarrow \mathrm{H}\mathrm{e}\mathrm{r}\mathrm{m}_{0}(4) induces S\mathcal{U}(2)\times \mathcal{S}\mathcal{U}(2)‐equivalence among
f : (\mathbb{R}^{n}, 0) \rightarrow Herm 0(4). The set of the matrices of the above form is a \mathbb{R}‐linear subspace of
Herm 0(4), so that we now determine this space. Our matrix has the form
H= \left(\begin{array}{lllll}
 & x_{\mathrm{l}} & 0 & +x_{2}ix_{3} & +x_{4}ix_{5}\\
 & 0 & x_{1} & -x_{4}+\dot{a}x_{5} & x_{2}-\dot{ $\iota$}x_{3}\\
x_{2} & -ix_{3} & -x_{4}-\dot{ $\iota$}x_{5} & -x_{\mathrm{l}} & 0\\
x_{4} & -ix_{5} & +x_{2}ix_{3} & 0 & -x_{1}
\end{array}\right) , (^{*})
for x_{i}\in \mathbb{R}, i=1 , 2, 3, 4, 5. Let H_{J}(4) be the set of Hermitaian  4\times ‐matrices of the above form.
Then we can show that  H_{J}(4) is an \mathbb{R}‐linear subspace of Herm 0(4) such that \dim_{\mathrm{R}}H_{J}(4)=5.
Moreover, for a Hamiltonian H(x) of Type \mathrm{J} , we have a map‐germ f : (\mathbb{R}^{n}, 0) \rightarrow  H_{J}(4) .
Then we can show that \mathcal{S}\mathcal{U}(2) \times \mathcal{S}\mathcal{U}(2)‐equivalence among map‐germs f : (\mathbb{R}^{n}, 0) \rightarrow  H_{J}(4)
is well‐defined. It is also known that SU(2) \times  SU(2) \cong Spin(4) (cf. [12]). Let \mathbb{H} be the
skew field of quaternions. Then we have a representation of SU(2) \times  SU(2) defined by the
linear isomorphism X \mapsto  A_{1}XA_{2}^{*} for (A_{1} ) A_{2} ) \in  SU(2) \times  SU(2) and X \in \mathbb{H} . Since there is
an isometry \mathbb{H} \cong \mathbb{R}^{4} , we have a representation  $\rho$ :  SU(2) \times  SU(2) \rightarrow  GL(4, \mathbb{R}) such that
 $\rho$(SU(2)\times SU(2))=SO(4) . Moreover, this representation is a double covering over SO(4) . We
can show that there exists an isometry  $\psi$ :  H_{J}(4)\rightarrow \mathbb{H} and show the following proposition:
Proposition 3.3 For f, g : (\mathbb{R}^{n}, 0) \rightarrow H_{J}(4) , f , g are S\mathcal{U}(2) \times S\mathcal{U}(2) ‐equivalent if and only
if  $\psi$ \mathrm{o}f,  $\psi$ \mathrm{o}g are \mathcal{K}[\{1\}\oplus SO(4)] ‐equivalent.
We will give a classification of map germs f : (\mathbb{R}^{n}, 0) \rightarrow H_{J}(4) by S\mathcal{U}(2)\times S\mathcal{U}(2)‐eqm\cdotvalence
in the forthcoming paper.
Example 3.4 (Traceless real symmetric matrices) We consider the special orthogonal group
 G=SO(m) and the set of traceless real symmetric matrices:
\mathrm{S}\mathrm{y}\mathrm{m}_{0}(m)=\{X\in M_{m}(\mathbb{R}) |X=^{t}X, Trace X =0\}.
In this case \dim Sym \mathrm{o}(m) = \displaystyle \frac{m(m+1)}{2} - 1 . We also have the positive definite scaler product
(X, Y) = Th aceXy for X, Y \in Sym \mathrm{o}(m) . Since Ti aceAXA= TraceX for A \in  SO(m)
and X \in Sym \mathrm{o}(m) , the adjoint mapping Ad : SO(m) \rightarrow \mathrm{I}\mathrm{s}\mathrm{o}(\mathrm{S}\mathrm{y}\mathrm{m}_{0}(m)) can be defined by
AD(A)(X)=AX^{t}A for A\in SO(m) and  X\in Sym \mathrm{o}(m) . For p=\displaystyle \frac{m(m+1)}{2}-1 , let  $\Sigma$=\{$\sigma$_{1}, . . . $\sigma$_{p}\}
be an orthonormal basis of \mathrm{S}\mathrm{y}\mathrm{m}_{0}(m) . Then we have an isometry $\phi$_{ $\Sigma$} : Sym \mathrm{o}(m) \rightarrow \mathbb{R}^{p} . It
follows that we have a Lie group representation  $\rho \Sigma$ :  SU(m) \rightarrow SO(p) defined by $\rho$_{ $\Sigma$}(A)(y)=
$\phi$_{ $\Sigma$}\circ Ad(A)\circ$\phi$_{ $\Sigma$}^{-1}(y) for any A\in SO(m) and y\in \mathbb{R}^{p} . We also have the following proposition.
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Proposition 3.5 Let  $\Sigma$ = \{$\sigma$_{1}, . . . $\sigma$_{\mathrm{p}}\} be an orthonormal basis of Sym \mathrm{o}(m) with respect to
( : ) , where p=\displaystyle \frac{m(m+1)}{2}-1 . Then f, g : (\mathbb{R}^{n}, 0)\rightarrow(\mathrm{S}\mathrm{y}\mathrm{m}_{0}(m), O) are SO(m) ‐equivalent if and
only if $\phi$_{ $\Sigma$}\circ f_{i}$\phi$_{ $\Sigma$}\circ g : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{p}, 0) are \mathcal{K}[$\rho$_{ $\Sigma$}(SO(m))] ‐equivalent.
In the case when m=2, p=2 . Then we have .
SO(2)=\{\left(\begin{array}{ll}
\mathrm{c}\mathrm{o}\mathrm{s} $\theta$ & -\mathrm{s}\mathrm{i}\mathrm{n} $\theta$\\
\mathrm{s}\mathrm{i}\mathrm{n} $\theta$ & \mathrm{c}\mathrm{o}\mathrm{s} $\theta$
\end{array}\right) | $\theta$\in \mathbb{R}\}.
We consider $\delta$_{1}=\overline{ $\sigma$}_{1}/\sqrt{2} and $\delta$_{2}=\overline{$\sigma$_{3}}/\sqrt{2} , then  $\Sigma$=\{$\delta$_{1}, $\delta$_{2}\} is an orthonormal basis of Sym 0(2) .
In this case we have
A$\delta$_{1}^{t}A=\cos 2 $\theta \delta$_{1}-\sin 2 $\theta \delta$_{1} , A$\delta$_{2}^{\mathrm{t}}A=\sin 2 $\theta \delta$_{1}+\cos 2 $\theta \delta$_{1},
for A= \left(\begin{array}{ll}
 $\theta$ \mathrm{c}\mathrm{o}\mathrm{s} & -\mathrm{s}\mathrm{i}\mathrm{n} $\theta$\\
\mathrm{s}\mathrm{i}\mathrm{n} $\theta$ & \mathrm{c}\mathrm{o}\mathrm{s} $\theta$
\end{array}\right) . Therefore, the representation matrix of Ad(A) with respect to  $\Sigma$ is
\left(\begin{array}{ll}
\mathrm{c}\mathrm{o}\mathrm{s}2 $\theta$ & \mathrm{s}\mathrm{i}\mathrm{n}2 $\theta$\\
-\mathrm{s}\mathrm{i}\mathrm{n}2 $\theta$ & \mathrm{c}\mathrm{o}\mathrm{s}2 $\theta$
\end{array}\right) \in SO(2) . Moreover, for any B= \left(\begin{array}{ll}
 $\phi$ \mathrm{c}\mathrm{o}\mathrm{s} & -\mathrm{s}\mathrm{i}\mathrm{n} $\phi$\\
\mathrm{s}\mathrm{i}\mathrm{n} $\phi$ & \mathrm{c}\mathrm{o}\mathrm{s} $\phi$
\end{array}\right) , we choose  $\theta$=- $\phi$/2 , so
that  $\rho \Sigma$(A)=B . This means that $\rho$_{ $\Sigma$}(SO(2))=SO(2) . In this case a map germ f : (\mathbb{R}^{n}, 0)\rightarrow
Symo(2) is also considered to be a quantum mechanical Hamiltonian matrices, which is called





so that we have f(x)=f_{1}(x)$\delta$_{1}+f_{2}(x)$\delta$_{3} . Therefore, we have $\phi$_{ $\Sigma$}\circ f(x)=(f_{1}(x), f_{2}(x))\in \mathbb{R}^{2}.
Then we say that f, g : (\mathbb{R}^{n}, 0)\rightarrow \mathrm{S}\mathrm{y}\mathrm{m}_{0}(2) are S\mathcal{O}(2) ‐equivalent if there exist a diffeomorphism
germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}, 0) and a map germ A : (\mathbb{R}^{n}, 0) \rightarrow  SO(2) such that g\circ $\phi$(x) =
A(x)f(x)^{t}A(x) for any x\in(\mathbb{R}^{n}, 0) . Then we have the following proposition.
Proposition 3.6 Let f, g : (\mathbb{R}^{n}, 0) \rightarrow \mathrm{S}\mathrm{y}\mathrm{m}_{0}(2) are map germs. Then f, g are S\mathcal{O}(2)-
equivalent if and only if $\phi$_{ $\Sigma$}\circ f, $\phi$_{ $\Sigma$}\mathrm{o}g are \mathcal{K}[SO(2)] ‐equivalent.
Let us consider




In this case the energy functions (i.e. the eigen value functions) are E_{\pm}(x\mathrm{i}, x_{2})=\pm\sqrt{x_{1}^{2}+x_{2}^{2}} )
so that the graphs of E_{\pm}(x_{1}, x_{2}) form a cone with the vertex at the origin. This a special
case of quantum mechanical Hamiltonian of the Dirac equation for massless Dirac Fermions.
In this case this cone is called a Dirac cone and the origin is called a Dirac point. The Dirac
point plays an important role in the theory of topological insulaters and the theory of photo‐
chemical reaction controls. In [11] we give a classification of f : (\mathbb{R}^{n}, 0) \rightarrow Symo(2) by
 S\mathcal{O}(2)‐eqmvalence for lower codimensions.
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4 Examples of A[ $\rho$(G)] ‐equivalence
Example 4.1 (Divergent diagrams of function‐germs) G=D^{*}(p) .





Then A[D^{*}(p)] ‐equivalence is considered to be the isomorphism among divergent diagrams of
fUnction‐germs. This is not a geometric subgroup ofA in the sense of Damon [1]. In particular,
the divergent diagrams of function germs for p=2 was classified by formal diffeomorphism‐
germs in [14].





We can show that f, g are \mathcal{A}[\{1\}\oplus GL(p-1, \mathbb{R}))]‐equivalent if and only if there exist diffeomorphism
germs  $\phi$:(\mathbb{R}^{n}, 0) \rightarrow ( \mathbb{R}^{n} ) 0) and  $\psi$ : (\mathbb{R}^{p-1},0)\rightarrow(\mathbb{R}^{\mathrm{p}-1},0) such that f_{1}(x)=g_{1}\mathrm{o} $\phi$(x) and
 $\psi$((f_{2}(x), \ldots, f_{p}(x)))=(g_{2}\mathrm{o} $\phi$(x), \ldots,g_{p}\mathrm{o} $\phi$(x)) .
This is a geometric subgroup of A in the sense of Damon [1]. However, a functional moduli
appeared for very low dimensions (cf. [4]). In order to avoid functional modulus, we consider
G=(1^{+}, GL(p-1, \mathbb{R})) . Then f, g are A[(1^{+}, GL(p-1, \mathbb{R}))] ‐equivalent if and only if there exist
diffeomorphism‐germs  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}, 0) ,  $\psi$ : (\mathbb{R}^{\mathrm{p}-1},0) \rightarrow (\mathbb{R}^{p-1},0) and a fUnction‐germ
 $\alpha$:(\mathbb{R}^{p-1},0)\rightarrow(\mathbb{R}, 0) such that f_{1}(x)+ $\alpha$(f_{2}(x), \ldots f_{\mathrm{p}}(x))=g_{1}\circ $\phi$(x) and
 $\psi$((f_{2}(x), \ldots\rangle f_{p}(x)))=(g_{2}\mathrm{o} $\phi$(x), \ldots,g_{p}\mathrm{o} $\phi$(x)) .
In [4] a generic classification of f : (\mathbb{R}^{2},0) \rightarrow(\mathbb{R}^{3} ) 0) with respect to \mathcal{A}[\{1\}\oplus GL(2, \mathbb{R})]-
equivalence is given.
Example 4.3 (Volume preserving diffeomorphisms) G=SL(p, \mathbb{R}) .
We consider the special linear group SL(p, \mathbb{R}) . In this case \mathfrak{s}[(p) is the Lie algebra of traceless
p\times p\overline{-}matrices. A diffeomorphism germ  $\psi$ : (\mathbb{R}^{p}, 0) \rightarrow (\mathbb{R}^{p}, 0) with J_{ $\psi$}(y) \in  SL(p, \mathbb{R}) for any
y \in (\mathbb{R}^{p}, 0) is a volume preserving diffeomorphism germ. We can show that A[SL(p,\mathbb{R})] are
not geometric subgroups of \mathcal{A} in the sense of Damon [1]. However, the group SL(p, \mathbb{R}) is big
enough to have nice geometric properties (cf. [3]).
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Example 4.4 (Isometries) G=SO(p) .
We can show that f, g : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{p}, 0) are A(SO(p)‐equivalent if and only if there exists
a diffeomorphism germ  $\phi$ : (\mathbb{R}^{n}, 0) \rightarrow (\mathbb{R}^{n}, 0) and an isometry  $\psi$ : (\mathbb{R}^{p}, 0) \rightarrow (\mathbb{R}^{p}, 0) such
that f\mathrm{o} $\phi$= $\psi$ \mathrm{o}g . For n=2,p=3 , this equivalence was used in [5, 13, 18] for the study of
differential geometry of singular surfaces in \mathbb{R}^{3} . This is not a geometric subgroup of \mathcal{A} in [1].
However, it iduces important geometric invariants for sigular surfaces.
A A^{*}[ $\rho$(G)] ‐equivalence
In this appendix we consider \mathcal{A}^{*}[ $\rho$(G)] ‐equivalence. Here, we use the notations and definitions
given by Mather [15].
For a map germ f : (\mathbb{R}^{n}, 0)\rightarrow(\mathbb{R}^{p}, 0) , we define  $\omega$ f :  $\theta$(p)\rightarrow $\theta$(f) by  $\omega$ f( $\eta$)= $\eta$ \mathrm{o}f.
We define \mathcal{E}_{p}‐submodules of  $\theta$(p) by
$\theta$^{*}[ $\rho$(G)]_{0}(p)= { \displaystyle \sum_{i=1}^{p}\sum_{j=1}^{p}($\eta$_{ij}(y)y_{j})\frac{\partial}{\partial y_{i}} | ($\eta$_{ij}(y))\in d$\rho$_{e}(\mathfrak{g}) for y\in(\mathbb{R}^{\mathrm{p}}, 0) }.
We also define an \mathbb{R}‐vector subspace $\theta$^{*}[ $\rho$(G)](p)=\mathbb{R}^{p}\oplus$\theta$^{*}[ $\rho$(G)]_{0}(p) of  $\theta$(p) . Then we can show
that (tf,  $\omega$ f,  $\theta$(n), $\theta$^{*}[ $\rho$(G)]_{0}(p),  $\theta$(f)) is a mixed homomorphism of finite type over f^{*}:\mathcal{E}_{p}\rightarrow \mathcal{E}_{n}
in the sense of Mather [15]. We denote that
牲\mathcal{L}^{*}[ $\rho$(G)](f)= $\omega$ f($\theta$^{*}[p(G)](p)) , T\mathcal{L}^{*}[ $\rho$(G)](f)= $\omega$ f($\theta$^{*}[ $\rho$(G)]_{0}(p)) ,
T_{e}\mathcal{A}^{*}[ $\rho$(G)](f)=tf( $\theta$(n))+T_{e}\mathcal{L}[ $\rho$(G)](f) and T\mathcal{A}^{*}[ $\rho$(G)](f)=tf(\mathfrak{M}_{n} $\theta$(n))+T\mathcal{L}^{*}[ $\rho$(G)](f) .
In this case, A^{*}[ $\rho$(G)] ‐equivalence for any  $\rho$ :  G\rightarrow GL(p,\mathbb{R}) induces a geometric subgroup of
A in the sense of Damon [1].
Example A.l (G=SO(p)) We now consider p=2 . In this case we have
$\theta$^{*}[SO(2)]_{0}(2)= { \displaystyle \sum_{i=1}^{2}\sum_{j=1}^{2}($\eta$_{ij}(y)y_{j})\frac{\partial}{\partial y_{i}} | \left(\begin{array}{ll}
$\eta$_{11}(y) & $\eta$_{12}(y)\\
$\eta$_{21}(y) & $\eta$_{22}(y)
\end{array}\right) \in \mathfrak{s}\mathrm{o}(2)(\mathcal{E}_{2}) for y\in(\mathbb{R}^{p}, 0) }.




\end{array}\right) \in \mathfrak{s}\mathrm{o}(2)(\mathcal{E}_{2}) if and only if $\eta$_{11}(y)=$\eta$_{22}(y)=0, $\eta$_{12}(y)=-$\eta$_{21}(y) .
It follows that
$\theta$^{*}[SO(2)]_{0}(2)=\displaystyle \{ $\eta$(y)(y_{2}\frac{\partial}{\partial y_{1}}-y_{1}\frac{\partial}{\partial y_{2}}) | $\eta$(y)\in \mathcal{E}_{2}\}.
For f=(f_{1}, f_{2}) : (\mathbb{R}^{n}, 0) \rightarrow(\mathbb{R}^{2},0) , we have
T\displaystyle \mathcal{L}^{*}[SO(2)](f)= $\omega$ f( $\theta$[SO(2)]_{0}(2))=\langle(f_{2}\frac{\partial}{\partial y_{1}}\mathrm{o}f-f_{1}\frac{\partial}{\partial y_{2}}\mathrm{o}f)\rangle_{f^{*}(\mathcal{E}_{2})}
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and
T_{e}\displaystyle \mathcal{L}^{*}[SO(2)](f)=\mathbb{R}^{2}\oplus\langle(f_{2}\frac{\partial}{\partial y_{1}}\mathrm{o}f-f_{1}\frac{\partial}{\partial y_{2}}\mathrm{o}f)\rangle_{f^{*}(\mathcal{E}_{2})}
On the other hand, let f=(f\mathrm{l}, . . . , f_{p}) : (\mathbb{R}^{n}, 0)\rightarrow (\mathbb{R}^{p}, 0) be a map germ. By the similar
arguments to the above case, we have
T\displaystyle \mathcal{L}^{*}[SO(p)](f)=\langle\{(f_{j}\frac{\partial}{\partial y_{i}}\mathrm{o}f-f_{i}\frac{\partial}{\partial y_{j}}\mathrm{o}f) | 1\leq i<j\leq p\}\rangle_{f^{*}(\mathcal{E}_{p})}
and
T_{e}\displaystyle \mathcal{L}^{*}[SO(p)](f)=\mathbb{R}^{p}\oplus\langle\{(f_{j}\frac{\partial}{\partial y_{i}}\mathrm{o}f-f_{i}\frac{\partial}{\partial y_{j}}\mathrm{o}f) | 1\leq i<j\leq p\}\rangle_{f(\mathcal{E}_{p})}
By definition, A^{*}[ $\rho$(G)]‐equivalence among map‐germs implies \mathcal{K}[ $\rho$(G)] ‐equivalence. How‐
ever, we have the following problems:
(1) Are there intersting examples?
(2) What is a geometric meaning of \mathcal{A}^{*}[ $\rho$(G)] ‐equivalence?
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